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Abstract: 

In order to investigate the Higgs mechanism nonperturbatively, we compute the Gaussian 
^ I effective potential (GEP) of the U(l) Higgs model ("scalar electrodynamics"). We show that the 

^ I same simple result is obtained in three different formalisms. A general covariant gauge is used, 

with Landau gauge proving to be optimal. The renormalization generalizes the "autonomous" 
renormalization for X(f>^ theory and requires a particular relationship between the bare gauge 
coupling es and the bare scalar self-coupling A^. When both couplings are small, then A is 
proportional to and the scalar /vector mass-squared ratio is of order e^, as in the classic 1- 
loop analysis of Coleman and Weinberg. However, as A increases, e reaches a maximum value and 
then decreases, and in this "nonperturbative" regime the Higgs scalar can be much heavier than 
the vector boson. We compare our results to the autonomously renormalized 1-loop effective 
potential, finding many similarities. The main phenomenological implication is a Higgs mass of 
about 2 TeV. 
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1 Introduction 



The Higgs mechanism [|[] is a vital, but problematic, aspect of the Standard Model. At the 
classical level it is clear that spontaneous symmetry breaking (SSB) in the Xcj)'^ scalar sector, 
through its coupling to the gauge sector, generates gauge-boson mass terms. The issue of how - 
or whether - this works in the full quantum theory can be addressed using the effective potential 
1^], and traditionally the 1-loop approximation js], ^ has been used. However - at least as it is 
conventionally renormalized - the 1-loop effective potential (ILEP) is closely tied to perturbation 
theory. The possibility that a perturbative approach is totally misleading must be raised by the 
claims that the (A0^)4 theory is actually "trivial" and by the failure of lattice Monte-Carlo 
calculations to find a non-trivial, interacting theory |^]. Thus, it is very important to study 
{X(/)'^)4 theory and the Higgs mechanism with nonperturbative methods. 

A simple, nonperturbative method, founded upon intuitive ideas familiar in ordinary quan- 
tum mechanics, is the Gaussian effective potential (GEP) [0, ^. In the appropriate limiting 
cases it contains the one-loop and leading-order effective potential results |8|, |9|, |10[. The 
GEP for 0(A^)-symmetric (A(/)^)4 theory can be renormalized in two different ways the 



"precarious" renormalization, with a negative infinitesimal [12, S, M, yields essentially the 



leading-order result [|^]. The resulting effective potential does not, however, display SSB. 
The other, "autonomous", renormalization |14, which can have SSB, is characterized by 

a positive infinitesimal A^ and an infinite re-scaling of the classical field. The resulting theory is 
asymptotically free [16|, which can explain why the "triviality" proofs |p do not apply. Particle 
masses turn out to be proportional to (0), so in the unbroken-symmetry phase the particles 
must be massless. This can perhaps explain the negative findings of most lattice calculations 
1^]. (See Ref. for an interesting comparison of recent lattice results [|l8| with the Gaussian 
approximation.) The "autonomous" theory cannot be obtained in the expansion because 



Xb must behave as I/VN, not as when N ^ oo |10|, |19 |. 

We used to believe that the "autonomous" theory could only be seen with the Gaussian 
(or some still-better) approximation. However, it has been shown recently by Consoli and 
collaborators lEol that the unrenormalized ILEP can also be renormalized in an "autonomous" - 



like way. This result generalizes to more complicated theories |21|. Applied to the SU(2)xU(l) 
electroweak theory it predicts a Higgs mass of about 2 TeV |2C, 21 1. 

In this paper we calculate the GEP for the U(l)-Higgs model, which is 0(2) X4>'^ theory 
coupled to a U(l) gauge field. We show that it can be renormalized in an "autonomous" -like 
fashion, and that the vector boson aquires a mass proportional to ((/>), just as in the traditional 
description of the Higgs mechanism. The bare gauge coupling constant and the bare scalar 
self-coupling Xb, both infinitesimal, are related such that for a given (below some maximum 
value) there are two allowed values of A^. One of these lies in a "perturbative" regime in which 
A ~ e*^, where the results agree with the classic 1-loop analysis of Coleman and Weinberg 
The other lies in a "nonperturbative" regime, where it is possible to have a Higgs particle which 
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is arbitrarily heavy compared to the vector boson. (See Figs. 1 and 2.) Our results have much 
in common with the "autonomously renormalized" ILEP |20, 21], and thus tend to support the 
expectation of a 2 TeV Higgs mass. 

The layout of the paper is as follows: After some preliminaries in Sect. 2, we outline three 
separate calculations of the GEP for the U(l) Higgs model using three different formalisms: Sect. 
3 describes a canonical, Hamiltonian-based calculation, as in |0, 0]; Sect. 4 gives a covariant 



"5 expansion" calculation, as in |2^ (see also |23, |2^); and Sect. 5 outlines a covariant 
variational calculation, as in We think it is very instructive, as well as reassuring, to see 
how the same result emerges from these very different approaches. Some comments on the 
unrenormalized result are given in Sect. 6, where we show that the optimal gauge parameter is 
^ = (Landau gauge). The renormalization of the GEP is carried out in Sect. 7. To conclude, 
we discuss the comparison to the ILEP results and the implications for the Higgs mass in Sect. 



2 Preliminaries 

We first recall the integrals which play a central role in the GEP. The expectation value of cfP' 
for a single scalar field yields the quadratically divergent integral 

d?p 1 



which is equivalent to the contracted Euclidean propagator G{x^ x) ("tadpole diagram") integral 

that arises in the manifestly covariant formalism. The vacuum energy for a free scalar field of 
mass Vt is given by the quartically divergent integral 

which is the sum of the zero-point energies for each momentum mode. This integral is familiar 
from the ILEP and in the covariant formalism it arises in the form 

— Tr In 
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G-\x, y)] /V = im = lJ In [p' + n') , (2.4) 



where V is the spacetime volume. (Actually, this form of Ii is only equivalent to the canonical 
form ( |2.3D up to an infinite constant Q.) The GEP also naturally involves the combination 

j{n) = ii{n)-^n^io{n), (2.5) 
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which arises from the expectation value of a massless scalar-theory Hamiltonian (i.e., kinetic 
terms only), evaluated in the vacuum of a free field theory with mass Q. 

The GEP is essentially a variational calculation: one first obtains a function Vq of the 
classical field ipc and of the mass parameters, and then one has to minimize with respect to 
the mass parameters. This leads to coupled "optimization equations" for the optimal mass 
parameters (denoted by overbars). In carrying out the minimization one needs the formal 
result: 

= ^lom- (2.6) 

Further discussion of these divergent integrals is postponed until Section 7. 

The quantization of gauge theories in a covariant gauge always involves Faddeev-Popov 
ghosts. However, in the U(l) case the ghosts are free. Since they do not couple to the other 
fields, they have no effect, except for their contribution to the vacuum energy |^^. Because the 
ghosts correspond to two free, massless, anticommuting degrees of freedom, their contribution is 
easily seen to be — 2/i(0). (In the covariant formalism this term would come from performing the 
functional integral over the ghost fields.) Since this contribution is ipc independent, it will drop 
out when the infinite vacuum-energy constant is subtracted off. This happens automatically in 
dimensional regularization, which effectively sets /i(0) = 0. We shall therefore ignore ghosts in 
the following calculations. 

3 Canonical GEP calculation 

The Lagrangian for the U(l) Higgs model (ignoring ghosts) is: 

= -^^Gauge + -^Scalar) (3.1) 

where ^Ccauge is discussed below, and £scaiar is the Lagrangian for a complex scalar field, (/>, with 
the derivative replaced by the covariant derivative: 



/:Scalar = {D^cPY {D^<P) - ml<l)* (j) - 4Ab (</.»' , (3.2) 

with 

Df, = df^ + iesAf,, (3.3) 
where is the bare gauge coupling constant. Replacing the complex field by two real fields: 

(</)!+ #2) , (3.4) 
we find the 0(2)-symmetric A(/>^-theory Lagrangian plus coupling terms to the gauge field: 
/:scaiar = ^(5^01 " e^A^^s)^ + ^id^,(p2 + esA^^if - ^ml{<pl + 4,1) - \b{4>1 + 4>lf. (3.5) 
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Forming the Hamiltonian density 



calar 



;ini + ^2^2 - c 



-Scalar ; 



(3.6) 



with Hi = 6C/6(pi, we obtain: 



Icalar 



n 



0(2) 



esA^iV (t>2 - (t>2y 0i) - -e|yl^A^((A? + </>!) 



(3.7) 



where 'Ho{2) is the Hamiltonian density for 0(2)-symmetric theory. 

Without loss of generality, we can choose the classical field ipc to he in the 0i direction. 
Our trial vacuum | 0>g is a direct product of the free- field vacua for the (/>i "radial" field (with 
(j)i = (pi — ipc), with mass fl; for the 4'2 "transverse" field, with mass iv; and for the gauge fields 
(to be discussed below). The middle term in ( |3.7D therefore gives no contribution when we take 
the expectation value of "Hscaiar in the trial state | 0>g. Hence, we find: 

1 



< ^Scalar > = Vg^^^ - -cj, KA^.A'^ > {^^ + loi^) + Io{u;)), 



(3.8) 



where the first term is the 0(2) A</)^-theory result [p^, IC]: 



V 



0(2) 



G 



J{n) + J{u;) + \ml{ipl + /o(^^) + h{oj)) 



+ Xb [3(/o(0) + iflf + 2Io{io){Io{n) + ifl) + Sloiiof - 2ipi 
The gauge-field Lagrangian, including gauge-fixing terms, can be written as: 



jauge 



(3.9) 



(3.10) 



where Fi^^ = d^Ay — d^jAn. The last two terms, involving the Nakanishi-Lautrup [|30|| auxiliary 



field B, are equivalent to the usual covariant gauge-fixing term —■^{d-A)'^, where ^ is the gauge 
parameter. [To see this one integrates by parts to get —B[d ■ A) + ^£,B^, and then eliminates B 
by its equation of motion B = [d ■ A)/^.\ 

By itself vCcaugo would just describe a set of free massless fields. We want to consider a 
generalization of this Lagrangian that includes a mass term: 

1 



Vial 



-^Gauge ~^ 2^ -^fJ.-^^ ■ 



(3.11) 



The ground state of this "trial theory" will provide us with our trial vacuum state, with the 
mass A playing the role of a variational parameter. To construct the GEP we shall then need 
to take the expectation value of Wcauge (which we can obtain from Trial by setting A = 0) in 
the vacuum state of Wxriai- 

The content of the "trial theory" is made plain by defining 

1 



(3.12) 
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which de-couples CTriaX into separate and B sectors: 

= (-^^^.^''^ + ^A^^^^^) - ^ (^^d^Bd^B - l^A'B'^ . (3.13) 

The A/j, field is thus a free, massive vector field, and its equation of motion d^J^^'^ + V^A'^ = 
yields both {d'^+A^)A''' = and d-A = 0. The B field is a normal scalar field, mass A, except 
that its Lagrangian has the "wrong sign" and has an overall factor 1/A^. It is now a relatively 
straightforward exercise to obtain the Hamiltonian and canonically quantize the theory, and we 
just list some of the key steps below. 

The plane-wave expansion for the An field is: 

A — 



in which = uJk{A) = yk'^ + A^, and the three polarization vectors e^(fc. A), with A = —1, 0, 1 
being the helicity label, satisfy the usual completeness relation: 

X: elik, \)eAk, A) = - (^M. - ^) ■ (3.15) 

The creation-annihilation operators obey 

[a{k,X),a^k',X')] = 2iOk{A){2nf6^^'^{k-k')6xx'. (3.16) 
The plane-wave expansion for B is 

d^k 



B = A 



(27r)3 2uk{V^A) 



a(fc,5)e-*'=-^ + h.c. , (3.17) 



in which fc" = ti;^(v^A) = yk'^ + ^A'^, and the operators obey a "wrong-sign" commutation 
relation: 

[a{k,B),a\k',B)] = ~2iOk{y/^A){2TTf6^^\k-k'). (3.18) 

Our trial vacuum state | >a is, by definition, annihilated by the operators a{k, A) (A = 
— 1,0, 1) and a{k, B). To construct the GEP we need to substitute the above plane-wave expan- 
sions into Wcauge (conveniently obtained from Wxriai by dropping all terms involving A) and 
then sandwich the result between g<0 | and | 0>g. Prom the A^ fields one obtains 

<7^^> = 3J(A), (3.19) 

which is three times (because of the three polarization states) the usual GEP result for a massless- 
scalar Hamiltonian evaluated in a free-field vacuum state of mass A. The B fields give 

<Ub> = J{VIA), (3.20) 
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which is positive because the "wrong sign" of the Hamiltonian is compensated by the "wrong 
sign" of the commutator. Therefore, in total we have 

< Wcaugc > = 3J(A) + J(y|A). (3.21) 

[As a check, note that if we were considering the gauge sector by itself, minimization of 
( 3.21| ) would yield A = and the result would reduce to 4J(0) = 4/i(0). Recalling that the 
ghosts contribute — 2/i(0), the total is 2Ii(0), which is the vacuum energy associated with two 
massless, bosonic degrees of freedom. These correspond to the two transverse polarizations of 
the massless vector field. Thus, we see explicitly, for any value of the gauge parameter how 
the ghosts act to cancel out the vacuum-energy contributions from the unphysical components 



of the gauge field [g7|.] 

To obtain the total GEP we combine <'HGauge> from (3.21) with <'Hscaiar> from ( |3.8| ). A 
short calculation gives: 

= -3/o(A)-ao(v^A), (3.22) 

so we obtain finally: 

VGiipc;n,Lo,A) = Vg^^^ + 3J{A) + J{VlA) 

+ ^e|(3/o(A) + (Io{V^A)){ipl + loin) + loiu)). (3.23) 

Minimization with respect to the mass parameters A, il., and ui leads to: 

A' = elivl + + lom, (3.24) 

n^ = ml + 4XB[3Io{n) + /o(cD) + Sifl] + e|[3/o(A) + CUVC^)], (3-25) 
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CO 



ml + 4XBMn) + 3/o(c^) + + e|[3/o(A) + ao(v^A)]. (3.26) 



4 Covariant (^-expansion Calculation 



In this section we perform the calculation in the Euclidean functional-integral formalism in the 



manner of Ref. [22|. Note that in passing to the Euclidean formalism the Minkowski scalar 
product a^b^ goes to —a^b^; thus terms with just one pair of contracted indices change sign 
relative to other terms. The Euclidean action reads: 



1 1 2 

^ F^uF^u + ^ {df_iA^) 
+ {D^<l)Y{D^(t>)+ml<l,*<l) + A\B 



(4.1) 
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Rewritten in terms of the real scalar fields (pi and 02, the action becomes 



(4.2) 



where = dndu- Introducing a source for the <j)i field, the generating functional is given by: 



^[i]=y" [01,02,^/.] exp^-5' + j (fx j{x)(t)i{x\ 
and the effective action is obtained by the Legendre transformation 

r[..]^lnZb1-/.^x,(.K(x), 



(4.3) 



(4.4) 



where the classical field, ipc{x), is the vacuum expectation value of the field 01 (x) in the presence 
of the source j{x). The effective potential itself, I4fr(95c), is obtained from T[ipc\ by setting Lpc{x) 
to be a constant, ipc^ and dividing out a minus sign and a spacetime volume factor. 

Generalizing the procedure of Ref. (see also [23, 25|), we can calculate the GEP 
from a first-order expansion in a nonstandard kind of perturbation theory. First we introduce 
the shifted fields: 

01 (x) = 01 (x) - Lpc 02(x) = 02(x). (4.5) 

(Notice that we have taken the shift parameter to be exactly 93c, the vacuum expectation value 
of 0(x): Although not obligatory |^2[, this simplifies the calculation.) 
We then split the (Euclidean) Lagrangian into two parts: 



C 



C() + C 



int 



5=1 



(4.6) 



where Cq is a sum of three free-field Lagrangians: one for the vector field A^, of mass A; one for 
the radial scalar field, 0i, with mass and one for the transverse scalar field, 02, with mass 00: 



Cn 



1 



5^.u + ( 1 



Au{x) 



+ i 0l(x) (-92 + 1^2) ^^(^) + i ^2(3;) (-92 + UJ^) 02(X). 

The interaction Lagrangian is then: 



(4.7) 



VO + ^101 + f201 + ^301 + Ab0i + ^202 + Ab02 

1 



+ AXb^c 0102 + 2Aij 0?0^ + ^ [elfi - A' 

+ CB^Pc A^ (9^02 + sbA^, (J)id^ 
1 
2 



,2 ,2 



■^fj. A^ 



+ 



'^(P2 - 02<9^01 

e\^c k\Af, + ^elAf,A^ (0? + 



(4.8) 
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The "coupling constants" i '^i > '^2 > '^2 which are dependent, are the same as in the 



case 



22]: 



1 



^0 
I 

V3 



(4.9) 



1/ 2 

4Ab(/7c. 



The artificial expansion parameter 6 has been introduced in Cmt in order to keep track of 
the order of approximation, which consists in obtaining a (truncated) Taylor series in 5, about 
5 = 0, which is then used to extrapolate to 5 = 1. 

The expansion in Cint (or equivalently in 6) is now quite straightforward, following standard 
perturbation theory procedures. To first order in 6 it yields: 

1 



Tr In 



-djd'x |l(e|c^2_^2^ G,,{x,x) 

+ ie| [/o(^^) + /o(^)] G^mI^'^)} + O (S^) , 

where r*-^^^) [(pd is the first-order action for the scalar sector, and 

d^p 1 



(27r)4 p2 + ^2 



S^u + (e - 1; 



p2 + 



-ip-{x-y) 



is the gauge field propagator, <A^{x)Aj^{y)>. The Trace-log term gives 



Tr In 



2V 



3/i(A) + /i(V^A) 



G^,y {x, y) 

where V is the infinite spacetime volume, and the contracted propagator gives 

G^^(x,x) =3/o(A) + e/o(V|A). 



(4.10) 



(4.11) 



(4.12) 



(4.13) 



To obtain the GEP we discard the 0{5'^) terms and set 5 = 1 and divide through —V to 
obtain 

Vg = Vl^^^^ + 3Ii(A) + /i(v/eA) + \ {el^l - A^) (3/o(A) + e/o(v^ A) 
+ le| [hm+Uu^)] (3/o(A) + e/o(\/|A) 



(4.14) 

Recalling that J(A) = /i(A) - iA2/o(A), one sees that this result coincides with the result 



obtained from the canonical calculation, Eq. (|3.23|). 
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5 Covariant Variational Calculation 



In this section we use the method developed in |26] based on Feynman's variational principle [^] 
applied to the Euclidean action. This in turn follows from Jensen's inequality for expectation 
values of convex functions; in particular, exponential functions: 

(5.1) 



d^((/>)exp5(0) > exp i^J d^((/))c/((/)) j , 

for a normalized integration measure dfj,((f)). The inequality applies only to commuting fields, 
but happily in the U(l) case the anticommuting ghost fields can be integrated out exactly. The 
remaining action can be written in the following form (using the shifted fields (pi = (pi — ipc, 
(p2 = 4>2, as in the last section): 



S[Af_i, 01, 02] = 5'A[^/i] + SA,<l>[Afj,, 01, 02] + 



where 



SA = lJd\A^ix) 



Sa,c 



-d^6f,, + (1 - -)d^d, 



d''x\-eU'Pi + ri + ct>i)A^{x)A^{x) 



Auix), 



(5.2) 
(5.3) 



+ en A, 



li + ipc)d^,(t)2 + 02^^(01 + V'c) + e%ipc$iA^A^^ 



(5.4) 



and Sfj, is given by the usual 0(2) A0^ action. 

Following Ref. |26], we now apply the Feynman- Jensen inequality to Z[j], Eq (|4.3| ), with 
d/x(0) = M-^DA^,D4>iD^2e-^G and ^(0) = Sg - S + ^ jcp, where 



J DA^D^iD^2 e-^«, 



and where Sq is a quadratic "trial action" : 

SG = \j d^x [a^G-IA, + 0iGr'0i + 02G^'02} 



(5.5) 



(5.6) 



involving adjustable kernels G ^. Taking the Legendre transform, ( |4.4| ), we obtain the "Gaussian 
effective action" ||26|1: 



--^GEA 



\pc] = max \ log(AA) + M 

G 



DA^D4>iD^2 e-^« {Sg -S)\, 



(5.7) 



as a lower bound on the exact effective action (which will hence yield an upper bound on the 
effective potential). Since the kernels involve differential operators, it is convenient to go to 
momentum space, using Fourier transforms (indicated by tildes) and the convenient notation 
Jp = J d'^p/(27r)'*, 6{p) = {2it)^S{p). We can then write the trial action as 



Sg 



Ipjq 



4(p)G^J(p,(Z)i.(g) + 01 (p)Gri(l5,g)0i(g) + 02(^)^2 1(^,^)02(9)} , (5.8) 
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in which the G ^'s are the inverses of the momentum-space propagators. 

Evaluation of the Gaussian functional integrals involved in (^^) is straightforward, and yields 



--^GEA 



max |r'^(2)[^^^ (5^^ (5^] _ 1^ 1^ p-^i^^^ 



r V + 4 / (Gi(r, -r) + G2(r, -r))5^^ - (1 - 



-A 



ipcir)(Pcis)G^^{p, q)5{p + q + r + s) 



Gf„y{p, -p) 



pqrs 



(5.9) 



Maximization yields optimization equations determining the optimal G propagators, denoted by 
G{p,q): 



G^l{p,q) 



1, 



P 5^iv + {Gi{r, -r) + G2(r, -r))6^u - (1 - -z)PtiPu 



Kp + q) 



g^Hp, 



G2Hp,q) 



+ eB 'Pc{r)<fc{s)S{p + q + r + s)6^i,, 

J rs 
2 I ™2 



p +mB + eB Gf,f,{r,-r) 



+ 4Xb / [3Gi{r, s) + G2(r, s) + 3^c(r)(^c(s)]^(p + g + r + s) 



6{p + q) 



I rs 

/ + m| + e| / G^f,{r, -r) 



+ 4Ab / [Gi(r, s) + 3G2(r, s) + (^c(r)^c(s)]5(p + g + r + s). 



(5.10) 



(5.11) 



(5.12) 



For a spatially constant classical field we have (fdp) = ^c^{p), and the above equations then 
dictate that the propagators all become proportional to 6{p + q), so we may write them in the 
form 



Gf,uiP,Q) 



1. 



{p' + Ay^^-{l--)p^p^ 



Sip + q), 



Gi\p,q) = {p^+n^)S{p + q), 
G^\p,q) = {p^+0^y5{p + q), 
where the optimal mass parameters A, 0, and u) are given by 

= eliifl + loin) + Io{0)], 

n^ = ml + 4Ab [3/0(0) + loio) + 3^1] + e^V"^ / G^^{p, -p), 



OJ 



(5.13) 

(5.14) 
(5.15) 

(5.16) 
(5.17) 

(5.18) 



As usual, factors of "5(0)" have been interpreted as spacetime volume factors V. The integral 

IpG^,^{p,-p) , where 



G^uip, -p) 



V 

p2 ^ ^2 



PfiPu_ 
p2 + 



(5.19) 
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can be evaluated in terms of Iq integrals: 



V[3/o(A)+ao(^/|A)]. 



(5.20) 



The Trace-log term can be taken from Eq 



(4.12), so that we obtain finally the same result as 



inEq. (|3^) . 

6 Comments on the Unrenormalized Result 

The Gaussian-approximation result shows a dependence upon the gauge parameter ^. This 
means that our Gaussian approximation does not fully respect gauge invariance. However, we 
argue that this is inevitable and not fatal. It is inevitable because, for the 0(2) scalars, we have 
to use "Cartesian-coordinate" fields (pi, (j)2 rather than "polar-coordinate" fields, so that, when 
ifc 7^ 0, the 0(2) symmetry is not being fully respected. In pure \<j)'^ theory this produces an 
apparent conflict with Goldstone's theorem, in that the transverse mass parameter, w, is non- 
zero However, the point is that the transverse field 4)2 is not the true "polar-angle", 
Goldstone field. In the U(l) Higgs model, in a covariant gauge, the Goldstone field becomes 
an unphysical degree of freedom [Q], but the problem remains in the form of gauge-parameter 
dependence. This just means, though, that we have a "non-invariant" approximation - which 
is where the exact result is known to be independent of some parameter, but the approximate 
result has a dependence on that parameter. This is actually quite a common occurrence, and 
can be dealt with by "optimizing" the unphysical parameter; requiring the approximate result 
to be stationary, or more generally "minimally sensitive," to the unphysical parameter One 
is in a still better position when the approximation has a variational character, because then 
the optimal choice for the unphysical parameter is unquestionably determined by minimization. 

Our calculation here does indeed have a variational character. [One might well have been 
unsure, with the canonical calculation alone, whether or not the variational inequality is valid 
in the presence of a "wrong-sign" field (and hence negative- norm states). However, this doubt 
is allayed by the covariant variational calculation: the Jensen inequality just depends on the the 
convexity of the exponential function and is equally valid for ex.-p{—g{(p)) and exp(+g'((/))).] By 
differentiating Vq one finds that the optimal gauge is the Landau gauge, ^ = 0. This can easily 
be seen by noting that, by virtue of the A equation, the ^-dependence in Vq comes only from 
an /i(-yfA) term. Since Ii is (formally) an increasing function of its argument, the energy is 
minimized when ^ = 0. 

With 1^ = 0, and discarding a vacuum-energy contribution /i(0), the GEP and its optimiza- 
tion equations simplify to: 
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with Vq^"^^ given by (|3.9D , and 

K' = el[ipl + U^) + hm, (6.2) 

Q2 = m| + 4Ab[3/o(17) + h{Cj) + 3(^2] + 3e|/o(A), (6.3) 
Cd^ = ml + A\B[Iom + Sloiio) + ^l] + 3e|/o(A). (6.4) 
Note that if the A equation, (|6.2[), is substituted back into Vg, (|6.1|), then we can write the GEP 



as 



Vg(v'c) = ^g^'^ + 3/i(A), (6.5) 

with separate contributions from the scalar and gauge sectors. This observation apphes to the 
Gaussian effective action, too, since Eq. (|5.1[l| ) substituted back into (|5.9|) yields 

f^^^ = r^(')-^TYln[G;J(p,g)]. (6.6) 



Note, however, that the optimization equations for A, Q, and cu, (6.2-|6.4|), remain coupled. 



We may also remark that the generalization of the result to v + 1 dimensions is trivial: the 
integrals need to be re-defined in an obvious way, and the factors of 3 associated with the A 
integrals need to be replaced by i^, since these factors correspond to the number of polarization 
states of a massive vector field. 

Finally, we briefly comment upon some previous work relating to the GEP and the U(l) Higgs 
model, (i) Alles and Tarrach used a somewhat naive canonical approach which we believe is 
valid in Feynman gauge (■^ = 1) only. Their treatment of the scalar sector effectively sets u; = fi, 
which is sub-optimal. In renormalizing their result, Alles and Tarrach used a generalization 
of the "precarious" A(/>^ theory, which does not have SSB. (ii) Cea [^] describes a temporal- 
gauge GEP calculation, but contents himself with demonstrating that the 1-loop terms are 
recovered correctly, (iii) The papers of Ref. |^5[ make a comprehensive study of the Schrodinger 
wavefunctional formalism, and try hard to maintain gauge invariance and compliance with the 
Goldstone theorem. Our view, as discussed above, is less puritanical, (iv) Kovner and Rosenstein 



|36| use yet another formulation of the Gaussian approximation, based on truncating the Dyson- 
Schwinger equations. Their renormalization is quite different from ours: it appears to be related 
to the "precarious" Xcp'^ renormalization, but it somehow transfers the negative sign from Ab to 
wavefunction renormalization factors. 

The "precarious" renormalization of the U(l)-Higgs- model GEP is a topic which we do not 
pursue here, but it could be of theoretical interest: We would expect the results to be similar to 



the l/A'^-expansion analysis of Kang [37|. 



7 "Autonomous" Renormalization of the GEP 
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7.1 The divergent integrals 

The GEP involves the quartically and quadratically divergent integrals Ii and Iq. Another 
related integral: 

T foi- pdJo _ f d^p 1 _r Sp 1 

which is logarithmically divergent, will play a crucial role. Ref. derives useful formulas 
for these integrals by Taylor-expanding the integrands about = 77^,2^ and then re-summing 
the terms that give convergent integrals. From these we can obtain the still more convenient 
formulas: 

hm = h{0) + ^Io(O) - + f{n'), (7.2) 

lom = /o(0) - ^/-i(^) + 2f'{n'), (7.3) 
/_i(l^)=/_i(^)-^ln^, (7.4) 



where 



, f]2 3 

In ^7 

/i2 2 



(7.5) 



647r2 

and f'iyP') is its derivative with respect to Vt^. These formulas are valid in any regularization 
scheme that preserves the property dl„/dr22 = (ji — i)/„_^. This allows one, at least in the 
A(/)^ case, to discuss the renormalization procedure in a completely regularization-independent 
manner. However, in gauge theories, most cutoff-based renormalizations - because they interfere 
with gauge invariance - have problems with quadratic divergences in the vector self-energy. Here 
these problems would manifest themselves as quadratic divergences in the vector-mass parameter 
A2, Eq. ( |6.2D | J35| . (Unlike the scalar case, these cannot be simply absorbed into a bare-mass.) 
It is well known in other contexts that, with sufficient technical virtuosity, these problems can be 



shown to be spurious [38|. However, it is much simpler to appeal to dimensional regularization, 
or some such scheme, in which one can justify setting the scale-less integrals, /o(0) and /i(0), 
equal to zero. This automatically climates any problem with quadratic divergences. All the 
remaining divergences can be written in terms of /^i, which has a 1/e pole in dimensional 
regularization: Explicitly: 

/_i(l^) = A ^ ^r(l + e/2){A7,r'\ (7.6) 

7.2 Renormalization: Part I 

To renormalize Vq we use an "autonomous" renormalization (Cf. |15, |lO|), characterized by an 



infinite re-scaling of the classical field and infinitesimal bare coupling constants: 

^l = Z4,^l = z^I-l{^,)^l (7.7) 
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where zq, ry and 7 are finite, and ^ is a finite mass scale. For the present, we assume that all 
the I-i factors have the same argument, fi. We shall also take = 0. These simplifying 
assumptions will be removed later in subsection 7.4. We shall also postpone the determination 
of the finite wavefunction-renormalization factor zq to that subsection. 



First, we substitute the renormalization equations into the optimization equations (6.2 -|6 



and use the key formula for Iq, (7.3), setting /o(0) = 0. Keeping only the finite terms, for the 
present, we obtain: 

= l{zo^l-ln'-l^') + e^, 
Q2 = M-l^'-l^' + 3^o<^l)-ll^' + en, (7.9) 

where the eA, eo, Soj terms are infinitesimal, 0(l//_i), terms. Ignoring the e terms the equations 
are linear and homogeneous, so that each mass parameter is proportional to $c- The equations 
can be straightforwardly solved to yield: 

0= = iy+'y-^^'"+yi.o.i.;+o(i//_.). (7.10) 

(l + 4r/)(2 + 16r/- 372) " c \ / u, \ ) 



(1 +4r/)(2 + 16r? - 37 



-1 



Since dVc/dil, = 0, etc., by virtue of the gap equations, the total derivative of Vq with 
respect to ipc is equal to its partial derivative, and so can be calculated very easily: 

^ = ^ = ^c[ml + 4XB{3Io{n) + Io{0) + ipl)+3ello{A)] 

= ifcin^ -sXb^I). (7.11) 



The last equality follows from the optimization equation for Cl, ( |6.3D , and yields the same 
expression as in pure X(j)^ theory |]lO|. In order for Vg to be finite in terms of the re-scaled 
field we must have a cancellation between the finite part of Cl'^ and 8Xb^c — ^V^o^c- This 
condition implies a constraint on the coefficients r] and 7 of the Xb and coupling constants. 
This can be expressed as: 

2 8v (1 - 8r? - 64r?^) 
^ = y (1-32^2) ' (7-12) 

and will be discussed further in the next subsection. 



15 



Using the constraint one can simplify the expressions for the optimal mass parameters to: 

1 - 32r?2 



8r/zo$c + 0(l/^-i), 



(7.13) 



1 + 4?? 

The renormalized GEP is most easily obtained from the expression for its first derivative, 
(7.11). The leading terms cancel, so one needs to obtain the infinitesimal, ©(l/I-i), part of Cl^. 
The calculation is straightforward, if tedious. One needs to obtain the explicit form of eA, cq, e^;, 

^). One can then solve for the ©(l/J-i) correction 



in Eqs. (|7.9|) by going back to Eqs. (|(0 



to VL in Eq. (|7T|). After some algebra, one finds that the coefficients of the three /' terms 
match those in ( |7.13D above, so that one can write: 



G 



d$. 



3^SV'(A^) + 



Thus, by integrating with respect to <I>c, one obtains the renormalized GEP as just: 

Vb = 3/(A2)+/(jl2)+/(^2)^ 



(7.14) 



(7.15) 



where / is the function defined in Eq. ( [7.5]) . The GEP is thus a sum of $^ln$^ and terms. 
If we swap the parameter /i for the vacuum value (defined as the position of the minimum 
of Vg), we can write the GEP simply as 



where 



7.3 Discussion 



K 



87r2 



(1 + 8??)(1 -8r] + 32r/2 + 2567?^ 
(l+4r/)2 



(7.16) 



(7.17) 



The constraint ( [7.12 ) arises from the requirement that the divergent /_i terms in Vg cancel. 
The equivalent constraint in pure 0(2) X(p'^ analysis [p!o| , 29 1 would fix the coefficient rj to be the 
positive root of the numerator factor, (1 — 8r/ — 64r/2), which is 

1 



0.0773. 



(7.18) 



4(1 + V5) 

Here, however, one has instead a relationship between the two coupling coefficients, which is 
shown in Fig. 1. It is easily established that only the region between rj = and r] = r]Q is 
physically relevant. This is because (i) 7, being proportional to e^, must be positive; and (ii) 
the vector mass-squared must be positive, which precludes rj'^ from being larger than 1/32 
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(see Eq. (ffl^)). From the fi gure we see that there is a "perturbative region" in which both rj 
and 7 are small, with 7^ ~ (8/3)r/. This corresponds to ~ as in Coleman and Weinberg 

(CW) Ip. However, as rj increases, 7^ reaches a maximum and then starts to decrease, going 
to zero at rj = r]o. This extreme case corresponds to a free vector theory completely decoupled 
from a self-interacting A(/>^ theory. 

The vector-boson and Higgs masses come directly from Eq. ( 7.13| ), evaluated at = 
Their ratio is given by: 

Mfj _nl _ 8r?(l+4r?) 

M2 Al 7(1-32^2)' U-^^i 

which is just a function of t], since 7 is determined by the constraint ( [7.12| ). The mass-squared 
ratio is plotted in Fig. 2. In the "perturbative regime" the Higgs is much lighter than the vector 
boson, by a factor of 87, which is O(e^) as in CW. However, for most of the range of rj the 
Higgs has a mass comparable to the vector. When 77 becomes close to rjo the Higgs can be much 
heavier than the vector. 

The other mass parameter, (D^, does not have a direct physical meaning. It corresponds 
to the mass of the transverse scalar field, which is, approximately, the Goldstone field. In the 
covariant-gauge Higgs mechanism Q the Goldstone field is an unphysical degree of freedom. 
As discussed in Sect. 6, the fact that u)^ is non-zero is due to our approximation being unable 
to fully respect the 0(2) symmetry. We can therefore be pleased by the fact that o;^ is small 
(dashed line in Fig. 2). 

7.4 Renormalization: Part II 

We initially assumed that the mass-scale in the /_i denominator of was the same as the 



mass-scale fi in Xb (see Eq. (7.8). If this is not so then, using ( [7. 4]) , we can re-write as: 



where 72 is a coefficient proportional to the logarithm of the ratio of the two mass-scales. 
The subleading 72/(/_i(/i))^ term leads to an extra contribution, proportional to in the 
infinitesimal part of Cl^. Thus, when Vg is obtained by integrating ( [/".llD , we obtain an extra 
finite contribution proportional to $c Eq. ( f7.15 ). However, if we then re-parametrize the 



GEP in terms of the vacuum value we obtain Eq. ( [7.16 ) unchanged: all the differences are 



absorbed into the relationship of to /u and 72. Exactly the same argument applies if the scale 
in the I_i factor of Z^j^ is different from that in [|15[. [The argument also applies if one wants 
to insist upon replacing the factors of 3 in the GEP, representing the number of polarization 
states of a massive vector field, by 3 — e in dimensional regularization.] 

Note that, for = 0, the bare Lagrangian is characterized by just two bare parameters; 
A_B and es- Thus, we expect the renormalized GEP to be characterized by two parameters. 
This is indeed the case, and in the final form, ( [7.16| ), these are rj and (We shall shortly see 
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that zq is fixed in terms of rj by Eq. ( |7.24| ) below.) The parameter has dimensions of mass, 
and its appearance constitutes the "dimensional transmutation" phenomenon Originally, the 
"autonomous" renormalization conditions ( |7.7| ) and { \l.8\ ) introduced a superfluity of parameters; 
r], 7, zq, and the scale arguments of the /_i factors. As just discussed, it does not matter if all 
these mass-scales are different, since they are eventually subsumed in a single scale, <I>^,. We saw 
earlier that 7 was fixed in terms of ij by the constraint (7.12), required for the /_i divergences 
to cancel. It remains to show how zq is determined, and we turn to this topic next. 

The "autonomous" renormalization involves a wavefunction renormalization constant = 
zqI-i{^). The analysis in Refs. |]l^, |l^] set = 1 arbitrarily (although the possibility of 
further finite re-scalings of the field was considered). However, as Ref. [^] has pointed out, 
zq is actually fixed uniquely by the following argument. The bare and renormalized two-point 
functions are related by 



.(2) 



z: 



B --^ ^R- (7.21) 

Let us consider this relation at zero momentum in the vacuum ipc = (fv then given by 

the second derivative of the effective potential, with respect to the bare field, at ipc = ^Pv This 
is easily calculated from ( [7.16 ): 



d^Vc 



1 dPVc 



z^ d^l 



-mzl^l 



(7.22) 



The renormalized (Euclidean) two-point function (i.e., inverse propagator), is just + CP' 
in the Gaussian approximation. At zero momentum and at ipc = <^v it therefore becomes the 
physical Higgs mass squared = ^\ = St/zq^S- Hence, Eq. ( 7.21| ) gives 



1 



%Kzl^l 



which implies 



77 

ZQ{mB=^) = — 



-Srjzo^l, 



(1+47?)^ 



(7.23) 



(7.24) 



(1 + 8r?)(l - 8?? + 32772 + 256773) 

The factor in square brackets varies between 1 and 1.536 for r] between and 770. (See Fig. 3.) 

Finally, we remove our initial simplifying assumption that the bare mass vanishes identically. 
A finite bare mass would spoil the cancellation of /_i divergences, but an infinitesimal bare mass, 

ml/I.iif,), (7.25) 



is allowed (Cf. Ref. [15| with /o(0) = 0). This produces an extra, $c-iiidependent, contribution 
to the l/I-i{fi) part of Q^. Thus, when we integrate ( |7.11| ), we obtain an extra finite contribu- 
tion, proportional to in the GEP, Eq. (7.15). The result, conveniently re-parametrized by 
and a new parameter m? (trivially related to Trig), takes the form: 



1 



1 



- + -777^2;o^>' 




(7.26) 



18 



As before, K is given by ( 7.17 ) and corresponds to the position of the minimum of 

Nothing else is affected except the determination of zq. The second derivative of the GEP 
at the vacuum is now given by: 



1 d?VG 



<fic = fv 



which replaces the left-hand side of Eq. ( 7.23| ), so that we obtain 



1 

K 



1] + 



1 

ill" 



(7.27) 



(7.28) 



Note that m is not a particle mass. In the symmetric vacuum all the particles would be massless, 
for any m?. In the SSB vacuum the particle masses are affected by m? only through its effect 
on Zq. 



8 Summary, Comparison to ILEP, and Implications for the Higgs 
Mass 

We have calculated, with three different formalisms, the GEP of the U(l) Higgs model. The 
unrenormalized result, in a general covariant gauge, is given at the end of Sect. 3. In the optimal 
gauge, ^ = 0, the result is given in Sect. 6. 

To renormalize the GEP we postulated the infinitesimal forms \b = v/^-i^ ^'b ~ l/^-i^ 
m\ = m^jl^x for the bare parameters, and an infinite re-scaling of the classical field, ip\ = 
zqI-i^^, where /_i is a log-divergent integral. The cancellation of /_i divergences in the GEP 
gave the constraint 

2 _ 8r? (1 - 8r/ - 64r/2^ 
1 (1 - 32??2 

(See Fig. 1.) The vector and Higgs masses were found to be given by 



7^ = (8.1) 



M'v = I'-Y^zo^l (8.2) 
= Stjzq^I (8.3) 

(See Fig. 2.) The zq factor in the 93^ re-scaling was obtained in Eq. ( [7.28| ): in the = case 



it varies between 87r^ and (87r^) x (1.536) (see ( 7.24 ) and Fig. 3). The renormalized GEP, Eq. 
(|7.26| ) is a sum of ^^In^l, and terms. 



At the unrenormalized level, we can recover the ILEP simply by discarding all the Iq terms 
in Eq. (|6.1[), since each Iq and Ii is really accompanied by an h factor. Consequently, the 



optimization equations, (6^ - 3^), would be reduced to the classical expressions, = 6^93; 



2 ,„2 
c ' 
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= + 12A^(^^, (^i = rriB + '^^B^i^ ^"^^ (|6-5|) would reduce to the familiar (unrenor- 
malized) 1-loop result ^: 

Vii = ^ml^l + XBift + 3/1 ( Ae) + h (l^c) + /i (cuc) . (8.4) 

Conventionally, the ILEP is renormalized in a perturbative fashion, with A/j = Ab(1 + 
©(As^I-i) + ...), etc.. However, it has been realized recently [pH, 21] that the ILEP can also 



be renormalized in an "autonomous" fashion. The analysis exactly parallels the GEP case, and 
can be made even simpler by directly using Q for h [||]. In the 1-loop case the constraint 



needed to cancel the I_i divergences is: 

f = ^7?(1 - 20r?), (8.5) 

with tilde's distinguishing the 1-loop quantities from their GEP counterparts. The vector and 
Higgs masses are given by 

= 75o^>c, (8.6) 

Mfj = Ufizo^l (8.7) 

The zq factor in the massless case is 127r^ (so one can regard 127r^7 as the renormalized e^). 
The renormalized ILEP emerges (modulo the qualifications mentioned below) as: 



Vn = 3f{Al) + f{nl) + f{u 



C I ' 



in terms of the function / defined in Eq. ( |7.5| ), and so is a mixture of <^^ln<I>^ and terms. 
[Actually, this result assumes = 0, and that all the /_i factors have the same scale ^. These 
assumptions are easily removed, as discussed in "Part 11" of the GEP analysis (Sect. 7.4): one 
simply gets additional and terms with free-parameter coefficients. The final result can 
again be parametrized in the form ( [7.26 ).] 



Clearly, the autonomously renormalized ILEP and GEP results have much in common. The 
ILEP constraint equation and Mfj/My ratio are plotted in Figs. 4 and 5. Qualitatively, these 
closely resemble the GEP results in Figs. 1 and 2. In the 1-loop case the maximum fj is 
1/20 = 0.05, rather than ryo = 0.077, but a rescaling of the r] and 7 axes almost entirely absorbs 
the differences between the ILEP and GEP results. The form of the renormalized potentials is 
also remarkably similar, both when we compare ( ^.SD with ( [7.15 ), and when we note that they 



share the same final form ( 7.26| ). In the 1-loop case the coefficient K would be given by fj/iSi: 



2\ 



instead of by Eq. ( 7.17[ ). These differ by the same factor that occurs in the GEP's zq; a factor 



that lies between 1 and 1.536. 

To see the implications for phenomenology, we can consider = {^/2Gf)~^/'^ = 246 GeV, 
and My ~ 90 GeV. This implies a very small 7, and hence we must either be in the perturbative 
regime where both r/ and 7 are small, or near to the maximum allowed r/. The former case gives 
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a light Higgs, as in CW [^: The latter case gives a Higgs that is much heavier than the vector 
boson. In fact, the Higgs mass would be almost exactly that of a pure 0(2) Xcj)^ theory whose 

was 246 GeV. For definiteness let us assume the attractive possibility that the bare mass is 
zero p. From the 1-loop result (^), with fj = 1/20, zq = 127r^, we would obtain Mh = 2.07 
TeV. From the GEP result with rj = r]o = 0.0773, zq = (Stt^) x (1.533), we would obtain 

Mh = 2.13 TeV. These results agree remarkably well. 

Of course, these results are for the U(l) Higgs model, not the actual SU(2)xU(l) theory. 
However, the 1-loop analysis is easily extended to that theory [^], and yields Mjj = 1.89 TeV. 
The GEP calculation for SU(2)xU(l) is a more difficult matter. However, it is clear that the 
phenomenological result would be essentially governed by the scalar sector, which is an 0(4), 
rather than an 0(2), theory. The GEP results for the 0{N) case can be obtained from Ref. 
|lO|| , supplemented by a quick calculation of the proper zq factor, as explained in Sect. 7.4. For 
zero bare mass, this gives: 

.„[0(iV)A**l = f il±m, (8.9) 

2% (1 - 4r/o) 

where % in the O(A^) case is 

Vo = ^ (8.10) 

' 4(l + ^/]VT3) ^ ' 



The Higgs mass is again given by the form ( |8.3| ). [If the bare mass is non-zero, then the result 
is affected only by an C?(m^/$^) correction to zq-] The 0(4) case gives us a GEP prediction for 
the Standard-Model Higgs mass: 

Mu = 2.05 TeV. 

Consoli et al. [^] argue that the nonperturbative renormalization used here implies a van- 



ishing renormalized scalar self-coupling (see also [18|). That would drastically suppress the 
Higgs-to-longitudinal-VK, Z couplings, leaving the Higgs with a relatively narrow width. The 
phenomenology of such a Higgs deserves urgent attention. 

Acknowledgements 

We would like to thank Maurizio Consoli, Jose Latorre, Anna Okopihska, and Rolf Tarrach 
for very valuable discussions. 

This work was supported in part by the U.S. Department of Energy under Contract No. DE- 
AS05-76ER05096. 



21 



References 

[1] P. W. Higgs, Phys. Lett. 12, 132 (1964); Phys. Rev. Lett. 13, 508 (1964); F. Englert and 
R. Brout, ibid, 321; G. S. Guralnik, C. R. Hagen, and T. W. B. Kibble, ibid, 585; T. W. B. 
Kibble, Phys. Rev. 155, 1554 (1967). 

[2] J. Goldstone, A. Salam, and S. Weinberg, Phys. Rev. 127, 965 (1962); G. Jona-Lasinio, 
Nuovo Cimento 34, 1790 (1964). 

[3] S. Coleman and E. Weinberg, Phys. Rev. D 7, 1888 (1973). 

[4] S. Weinberg, Phys. Rev. D 7, 2887 (1973); R. Jackiw, Phys. Rev. D 9, 1686 (1974). 

[5] M. Aizenman, Phys. Rev. Lett. 47,1 (1981); J. Frohlich, Nucl. Phys. B200, 281 (1982). 

[6] D. J. E. Callaway and R. Petronzio, Nucl. Phys. B240, 577 (1984); L A. Fox and L G. 
Halliday, Phys. Lett. B 159, 148 (1985); C. B. Lang, Nucl. Phys. B 265, 630 (1986); M. 
Liischer and P. Weisz, Nucl. Phys. B 290, 25 (1987); ibid. 295, 65 (1988); D. J. E. Callaway, 
Phys. Rep. 167, 241 (1988). 

[7] T. Barnes and G. L Ghandour, Phys Rev. D 22, 924 (1980); S. J. Chang, ibid. 12, 1071 
(1975); G. Rosen, Phys. Rev. 173, 1632 (1968); L. L Schiff, ibid. 130, 458 (1963); J.M. 
Cornwall, R. Jackiw, and E. Tomboulis, Phys. Rev. DIO, 2428 (1974). A more complete 
list can be found in Refs. |^, ^. 

[8] P. M. Stevenson, Phys.Rev. D 30, 1712 (1984). 

[9] P. M. Stevenson, Phys. Rev. D 32, 1389 (1985). 

[10] P. M. Stevenson, B. Alles, and R. Tarrach, Phys. Rev. D35, 2407 (1987). 

[11] The existence of two distinct renormalizations can be understood in terms of distinct limits 
as the spacetime dimension d tends to 4 from above or from below: see P. M. Stevenson, 
Z. Phys. C 35, 467 (1987). 

[12] P. M. Stevenson, Z. Phys. C 24, 87 (1984). 

[13] S. Coleman, R. Jackiw, and H. D. Politzer, Phys. Rev. 10, 2491 (1974); L.F. Abbott, J. S. 
Kang, and H. J. Schnitzer, ibid 13, 2212 (1976); W. A. Bardeen and M. Moshe, Phys. Rev. 
D 28, 1372 (1983). 

[14] M. Consoh and A. Ciancitto, Nucl. Phys. B 254, 653 (1985). 

[15] P. M. Stevenson and R. Tarrach, Phys. Lett. 176B, 436 (1986). 



22 



[16] V. Branchina, P. Castorina, M. Consoli, and D. Zappala, Phys. Rev. D 42, 3587 (1990); P. 
Castorina and M. Consoli, Phys. Lett. 235B, 302 (1990). 

[17] A. K. Kerman, C. Martin, and D. Vautherin, MIT preprint MIT-CTP-2082, April 1992. 

[18] K. Huang, E. Manousakis, and J. Polonyi, Phys. Rev. D 35, 3187 (1987). 

[19] U. Ritschel, I. Stancu, and P. M. Stevenson, Rice preprint DOE/ER/05096-47. (to be 
published in Z. Phys. C). 

[20] V. Branchina, P. Castorina, M. Consoh and D. Zappala, Phys. Lett. B 274, 404 (1992); 
Proceedings of the Moriond meeting, March 1991; V. Branchina, N. M. Stivala and D. 
Zappala, Diagrammatic expansion for the effective potential and renormalization of massless 
X4>'^ theory^ INFN, Catania preprint; M. Consoli, Large Higgs mass, triviality and asymptotic 
freedom. Contributed paper to the Conference on Gauge Theories - Past and Future, in 
honor of the GO*'' birthday of M. G. J. Veltman. Ann Arbor, May 16-18, 1991. World 
Scientific, to appear; M. Consoli, Spontaneous symmetry breaking and the Higgs mass, 
INFN, Catania preprint, June 1992; M. Consoli, 7s there any upper limit on the Higgs 
mass?, INFN Catania preprint, July 1992. 

[21] R. Ibahez-Meier and P. M. Stevenson, Autonomous renormalization of the one-loop effective 
potential and a 2 TeV Higgs in SU(2)x U(l), Rice preprint DOE/ER/05096-51, July, 1992 
( |hep-ph 92072411 ). 

[22] I. Stancu and P. M. Stevenson, Phys. Rev. D 42, 2710 (1990); I. Stancu, ibid 43, 1283 
(1991). 

[23] A. Okopiiiska, Phys. Rev D 35, 1835 (1987). 

[24] A. Duncan and M. Moshe, Phys. Lett. 215B, 352 (1988); H. F. Jones, Nucl. Phys. B (Proc. 
Suppl.) 16, 592 (1990). 

[25] S. K. Gandhi, H. F. Jones, and M. B. Pinto, Nucl. Phys. B359, 429 (1991). 

[26] R. Ibahez-Meier, L. Policy, and U. Ritschel, Phys. Lett. B279, 106 (1992); R. Ibahez-Meier, 
Rice preprint DOE/ER/05096-49. 

[27] J. Ambj0rn and R. J. Hughes, Nucl. Phys. B 217, 336 (1983). 

[28] The factor of 4 in the term is included so that the 0(2) X(p^ potential in Eq. ( |3.5| ) has 
the exactly the same form as in Ref. [|lC|]. 

[29] Y. Brihaye and M. Consoh, Phys. Lett. 157B, 48 (1985); Nuovo Cimento A 94,1 (1986). 



23 



[30] N. Nakanishi, Prog. Theor. Phys. 35, 1111 (1966); B. Lautrup, Kg. Dansk. Vid. Selsk. 
Mat.-fys. Medd. 35, 1 (1967). 

[31] R. P. Feynman, Phys. Rev. 97, 660 (1955); Statistical Mechanics, Benjamin, New York, 
1972. 

[32] P. M. Stevenson, Phys. Rev. D23, 2916 (1981). 

[33] B. Alles and R. Tarrach, J. Phys. A 19, 2087 (1986). 

[34] P. Cea, Phys. Lett. B 165, 197 (1985). 

[35] B. Alles, R. Munoz-Tapia, and R. Tarrach, Ann. Phys. 204, 432 (1990); R. Muhoz-Tapia 
and R. Tarrach, ibid, 468. 

[36] A. Kovner and B. Rosenstein, Phys. Rev. D 40, 515 (1989). 

[37] J.S. Kang, Phys. Rev. D 14, 1587 (1976). 

[38] J. S. Schwinger, Phys. Rev. 74, 1439 (1948), especially Sec. 2; J. M. Ranch and F. Rohrlich, 
The theory of photons and electrons, Springer- Verlag (New York, 1955). 

[39] This parametrization is only appropriate if an SSB minimum exists, which need not be the 
case if mg is sufficiently large and positive. 



24 



